The highest possible minimal norm of a unimodular lattice is determined in dimensions n ≤ 33. There are precisely five odd 32-dimensional lattices with the highest possible minimal norm (compared with more than 8.10 20 in dimension 33). Unimodular lattices with no roots exist if and only if n ≥ 23, n = 25.
Introduction
The results stated in the abstract were announced in 1989 [7] . For their proof we define the shadow S (cf. [7] , [8] ) of an integral lattice Λ as follows. If Λ is odd, S = (Λ 0 ) * \ Λ * , where the subscript "0" denotes "even sublattice" and " * " denotes "dual"; if Λ is even, S = Λ. It is immediate that the theta series Θ S of the shadow of an n-dimensional odd lattice is related to theta series Θ Λ of the lattice by
where η = e πi/4 .
If Λ is an odd unimodular lattice then we can write
where q = e πiz ,
and θ 2 , θ 3 , θ 4 are the usual Jacobi theta series [6, p. 102] . From (1) and (2) we have
Bounds
Suppose Λ is an odd unimodular lattice with the highest possible minimal norm µ n . Then a 0 , . . . , a µn−1 are determined by (2) . Most of the bounds in Table 1 now follows from the following conditions: Θ Λ and Θ S must have nonnegative integer coefficients; Θ Λ ≡ Θ S ≡ 1 (mod 2); there is at most one nonzero β r for r < (µ n + 2)/2; β r = 0 for r < µ n /4; and β r ≤ 2 for r < µ n /2. (The last three conditions follow from the fact if the four cosets of Λ 0 in Λ * 0 are Λ
We give two examples. For dimension n = 9, if minimal norm 2 were possible, (2) would imply a 0 = 1, a 1 = −18, hence Θ Λ = 1 + 252q 2 + . . ., Θ S = the second term of Θ S is negative; so a 4 = 0 and Θ S = 110q 9/4 + . . ..
The following additional argument is needed to eliminate this case (and also for n = 13).
At least one of Λ 
the only possibility is u · v = 1/4. The inner product matrix of these 55 vectors is therefore 8I + J/4, where J is an all-1's matrix, which has rank 55, impossible in a 33-dimensional space.
Therefore µ 33 ≤ 3. Table 1 gives µ n for n ≤ 40 (for 34 ≤ n ≤ 39 the value is either 3 or 4). All the upper bounds for 8 ≤ n ≤ 40, n = 25, follow from the above arguments. In dimension 25 they give only µ 25 ≤ 3. However, Borcherds has enumerated all 25-dimensional unimodular lattices, showing that µ 25 = 2 ([2]; the list is included in [11] ). Lattices achieving the bounds in Table 1 are well-known for n ≤ 24, 32 and 40 [6, Chap. 16]. Borcherds showed that there is a unique unimodular lattice in dimension 26 with minimal norm 3, and least one in dimension 27 ( [2] ; see also [6, 3rd ed.], [11] ). Bacher and Venkov [1] showed that there are exactly three such lattices in dimension 27 and exactly 38 in dimension 28.
In dimension 30 a unimodular lattice In [7] it was also announced that (2) and (3) imply that for all sufficiently large n, µ n ≤ [(n + 6)/10]. In fact a more delicate analysis yields µ n ≤ 2[n/24] + 2, unless n = 23 when µ 23 ≤ 3 -see [12] .
Dimension 32
Suppose Λ is an odd unimodular lattice in dimension 32 having minimal norm 4. The argument of Section 2 shows that
At least 32 vectors of S must be in (say) the coset Λ
0 , but since their sum and difference is in Λ, such vectors must be orthogonal, and so both Λ 
where
, and the c j are chosen so that the coefficients α i in the q-expansion of 
